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Abstract 
This note supplements an earlier paper of this author, in which the concept of a strong 
k-hypomorphism between two graphs was defined (Thatte, 1990, Section VI). For k = 1, this is 
just a hypomorphism. Here it is proved that strongly k-hypomorphic graphs and strongly 
k-edge hypomorphic directed graphs are isomorphic if k > 1. 
Graphs in this note are directed or undirected. By V(G), E(G) and [G] we will 
denote, respectively, the vertex set, the edge set and the isomorphism class of a 
graph G. 
Let 
Ek(G)={E~_E(G): [El=k} and Vk(G)={W~ V(G): IWl=k}. 
The following problem was posed in Section VI of [2]. 
Let G and H be two m-edge and n-vertex graphs. Let there exist f:E(G)-*E(H), 
one-one and onto, such that [G--E] = [H--f (E)] VEeEk(G). Prove that [G] = [HI. 
The map fdefined above is called a strong k-edge hypomorphism between G and H. 
Analogously we can define a vertex version of the problem. Note that for k = 1, this is 
identical to a hypomorphism. It was proved in [2] that the above problem can be 
solved for all graphs and for all k if it is solved in the case of k= 1 for all graphs 
(assuming m-  k > 3 in the case of the edge version for directed or undirected graphs 
and n -k  > 2 in case of the vertex version for undirected graphs (Lemma 6.1 in [2])). 
Here we solve it for k > 1, without using the solvability in the case of k = 1. In the 
following, ~(T, G) will denote the number of subgraphs of G, that are isomorphic to T. 
For a fixed E ~_ E(G), ~( T, E, G) will denote the number of subgraphs T' of G such that 
1 Research supported by a Post Doctoral Fellowship of National Board for Higher Mathematics. 
0012-365X/95/$09.50 © 1995 Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(93)E01 51-S 
388 B.D. Thatte / Discrete Mathematics 137 (1995) 387-388 
T' is isomorphic to T and E(T) ~ E ¢ 0. For Kelly's lemma and other terminology not 
defined here, the reader is referred to [2] or [1]. 
Theorem 1. I f  m-  k > 2 and k > 1 then strongly k-edge hypomorphic graphs G and H, 
each having m edges, are isomorphic. 
Proof. Let f be a strong k-edge hypomorphism between G and H. Let k=2.  Fix 
an arbitrary edge e of G. We have [G--{e, e l}]=[H-{f(e) , f (e l )}]  Ve, eE(G), 
e~4:e. Thus G-e  and H- f  (e) are 1-edge hypomorphic. A simple application of 
Kelly's lemma gives ~(T,G)=~(T,H), et(T,G--e)=~(T,H--f(e)) Ve~E(G) and 
~( T, { e,, e j }, G)= ~( T, { f (e,), f (e j) }, H) ¥ { e,, e j } ~ E ( G ), where Tis a graph isomorphic 
to K1.2. This proves that ei and ej are adjacent if and only iff(ei) and f(ej) are 
adjacent. (In case of digraphs the type of adjacency - -  whether both the edges are 
directed towards the common vertex or both are directed away from the common 
vertex or exactly one of them is directed towards the common vertex or they are 
nonadjacent - -  is the same in case of ei, ej and f(ei),f(ej). 
For k>2,  the result follows by induction on k. For every e6E(G), G-e  and 
H- f  (e) are strongly (k-1)-hypomorphic and the adjacency information is identical 
for corresponding pairs of edges in G and H. 
It is shown in [2] that the adjacency information is enough to establish an 
isomorphism between G and H. (This uses the fact that m is greater than 3 and G and 
H are both connected.) Also, as explained in [2], the vertex version for undirected 
graphs is solved by considering T isomorphic to Kz and using the vertex version of 
Kelly's lemma. [] 
Question. The vertex version for digraphs is not solved here in the k > 1 case. Do there 
exist counter examples? 
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